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In this paper we prove the strong instability of solitary-wave solutions with small
speed of propagation for a generalized Boussinesq equation.  2000 Academic Press
1. INTRODUCTION
Consider a generalized Boussinesq equation
utt&uxx+(uxx+ f (u))xx=0, x # R, t>0 (GBQ)
with f # C1(R). This model arises in the theory of water waves [Bou, Ca],
the theory of phase transitions in shape-memory allowances [FaLaSp],
and in the study of anharmonic lattice waves [SmCh].
Given some conditions on f, the equation (GBQ) possesses some special
traveling-wave solutions with finite energy, which are called solitary-wave
solutions. They have the form .c(x, t)=.c(x&ct), where .c is the ground-
state solution of the equation
&."c+(1&c2) .c& f (.c)=0.
In particular, for f (u)=|u| p&1 u with p>1 and c2<1, .c(!)=:1 sech2p&1
(:2!), where :1=( 12 ( p+1)(1&c
2))1p&1 and :2= 12 (1&c
2)12 ( p&1). It is
known that solitary waves play the role of elements in a nonlinear basis,
with respect to which it is natural to view the solution in the limit of large
time. Nonlinear stability and instability of solitary waves for the equation
(GBQ) were investigated by Bona and Sachs [BoSa], Alexander and
Sachs [AlSa], and Liu [Liu1, Liu2]. In [BoSa], Bona and Sachs applied
the abstract theorem of stability of Grillakis et al. [GrShSt] to the equa-
tion (GBQ) and obtained the nonlinear stability of solitary waves when
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1<p<5 and 1>c2>( p&1)4. In contrast to the stability, the author
[Liu1] complemented the work of Bona and Sachs and obtained the non-
linear instability of solitary waves when either c2( p&1)4 or p5,
c2<1. Furthermore, in [Liu2], under certain conditions it is proved that
the solitary-wave solutions are unstable in the following strong sense: the
solutions of the equation (GBQ) with initial data sufficiently close to the
ground state .0 (.0 is .c for c=0) blow up in finite time.
There are several results on blow up for special nonlinearities such as the
results of Kalantarov and Ladyzhenskaya [KaLa] and Sachs [Sa] for
nonpositive energy and Liu [Liu2] for more general cases. In this paper we
investigate the conditions for the strong instability of solitary waves with a
small nonzero wave’s speed, in other words, we want to determine if some
solutions are unbounded in the space X with some initial data in the
neighborhood of the unstable solitary-wave solution .c with c{0. The
method we use for the strong instability here consists of the following two
steps:
(1) We use two invariant regions for the solutions of the equation
(GBQ). It is noted that these two invariant regions are different from those
in [Liu2] which are used in the proof of the strong instability for the
ground state at c=0.
(2) We study some suitable functionals of the solution by using
Step 1 and some estimates of the primitives of solutions so that the
unbounded solutions can be determined. In particular, the rescaling
u0(x)=*2( p&1)u0(*x) with *=(1&c2)12 for the initial data plays a crucial
rule in the proof of the strong instability.
The plan of the paper is as follows. The main results of strong instability
of solitary-wave solutions are stated in Section 2. In Section 3 we give a
proof of the main theorems by constructing a functional of the solution.
Finally, in Section 4, we demonstrate an improved blow-up result which is
related to the solitary-wave solution. This result strengthens the blow-up
theorem of Kalantarov and Ladyzhenskaya [KaLa] and Liu [Liu2].
We use | } | p to denote the norm in L p(R) and & }&s is the norm in the
Sobolev space H s and X=H 1_L2 with the norm &u&X=&(u, v)&X=&u&1
+|v|2 . Let &u&s, p #&u&s, p+&v&s&1, p for real s, 1p+ denote the
norm of the space X ps =L
p
s _L
p
s&1 where L
p
s =4
&sL p denotes the Bessel
potential space with the potential 4s=(1&2x)
s2 whose norm will be
denoted by & }&s, p=|4s } |p . When p=2, we will write H s instead of L2s ,
with the norm & }&s instead of & }&s, 2 , and Xs=H s_H s&1 with the norm
&u&s=&u&s+&v&s&1 .
I thank Jerry Bona for his helpful discussions and the reviewer for
valuable comments.
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2. MAIN THEOREMS
Consider the generalized Boussinesq equation
utt&uxx+( f (u)+uxx)xx=0, x # R, t>0, (GBQ)
with f (u)=|u| p&1 u, p>1. It can be written as the system of equations
ut=vx
(2.1)
vt=(u&uxx& f (u))x .
It has at least four invariants, namely
E(u)=E(u, v)=|
R
( 12u
2+ 12u
2
x+
1
2 v
2&F(u)) dx,
V(u)=V(u, v)=|
R
uv dx,
I1(u)=I1(u, v)=|
R
u dx,
and
I2(u)=I2(u, v)=|
R
v dx,
where F $= f and F(0)=0.
Define invariant regions K c1 and K
c
2 for the flow governed by the system
(2.1) as follows:
K c1=[u # H
1(R) | Lc(u, v)<d(c), Rc(u, v)>0],
K c2=[u # H
1(R) | Lc(u, v)<d(c), Rc(u, v)<0],
where
Lc(u)=Lc(u, v)=E(u, v)+cV(u, v)
=
1
2 |R u
2+u2x+v
2&
1
p+1 |R |u|
p+1+c |
R
uv,
d(c)=Lc(. c)=Lc(.c , &c.c),
Rc(u)=Rc(u, v)=|u| 22+|ux |
2
2+|v|
2
2&|u|
p+1
p+1 +2cV(u, v),
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and .c is the ground state of
&uxx+(1&c2) u&|u| p&1 u=0, x # R, (2.2)
for |c|<1.
Remark. Here we say K ci (i=1, 2) being invariant means that the solu-
tion of the equation (GBQ) will remain in K ci (i=1, 2) for all of time t>0
provided it initially stays in the region K ci (i=1, 2). In fact, it can be shown
in this paper that the solution is unbounded with initial data in K c2 and suf-
ficiently small speed c. On the other hand, we can prove that K c1 is a
globally region, that is, the solution is global well-posed in C([0, ), X )
with the initial data in K c1 .
In [Liu2], we only consider the strong instability of the ground state,
.0(c=0). More precisely, we obtained a blow-up result for the solutions
corresponding to certain initial data which are close to the ground state .0 .
In this paper, we consider the strong instability of the solitary-wave
solutions .c with small c{0.
Theorem 2.1 (Strong Instability Theorem). Let .c be the solitary-wave
solution of the equation (GBQ) with c2<1, c{0. For any $>0 there exists
c$>0 such that for any c # (0, c$) there is initial data u0=(u0 , &cu0) # X=
H1_L2 with
&u0&. c&X=&u0&.c&1+|c| |u0&.c |2<$,
such that either
(i) the solution u(t)=(u(t), v(t)) of the equation (GBQ) with
u(0)=(u0 , &cu0) blows up, that is, u # C([0, T ), X) for some T>0 and
limt  T& &u(t)&X=, or
(ii) the solution u(t) # C([0, ), X ) with u(0)=(u0 , &cu0) and there
exists a sequence tn   such that limn   &u(tn)&X=.
In either case the solitary-wave solution .c is nonlinearly unstable in X in a
strong sense.
To prove Theorem 2.1, we need the following theorem which is our main
result in the paper.
Theorem 2.2. Let .c , with c2<1, be a solitary-wave solution of the
equation (GBQ). Assume !&1w^0 # L2 and w0=(w0 , 0) # K 02 , where w^ is the
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Fourier transform of w and w0 is independent of c. Let u=(u, v) be the solu-
tion of the equation (GBQ) with u(0)=u0=(u0 , &cu0) with u0(x)=
*2( p&1)w0(*x), *=(1&c2)12, such that u # C([0, T), X ). Then there exits
c0>0, such that for any c # (0, c0), either
(i) T< and limt  T& &u(t)&X= or
(ii) T= and there exists a sequence tn   such that &u(tn)&X
  as tn  .
Remark 1. By the fact that Lc(u0)&d(c)=*( p+3)( p&1)(L0(w0)&d(0))
and Rc(u0)=* ( p+3)( p&1)R0(w0), it is easy to see that w0 # K 02 implies
u0 # K c2 .
Remark 2. In the blow-up case (i), one can further show that
limt  T& |u(t)|  .
3. PROOF OF THE THEOREMS
In order to prove Theorems 2.2 and 2.1, we need a series of lemmas.
The first lemma is about local existence of solutions [Liu1].
Lemma 3.1 (Local Existence). Let u0=(u0 , v0) # X=H1_L2 and f # C1.
Then there exist T>0 and a unique solution u=(u, v) of the equation
(GBQ) in C([0, T); X ) with u(0)=u0 such that
E(u)=E(u, v)=E(u0), V(u)=V(u, v)=V(u0),
I1(u)=I1(u0), and I2(u)=I2(u0).
Furthermore, the interval of existence can be extended to a maximal interval
[0, Tmax) such that either
(i) Tmax=+ or
(ii) Tmax<+ and limt  T&max &u(t)&X=+.
The next lemma is used for the estimate of the primitives of solutions
[Liu1].
Lemma 3.2. Let S(t) be a C0 group of unitary operators in X for the
linearized equation
ut+Au=0 (3.1)
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with u(0)=u0=(u0 , v0), where
A=\ 0&x42
&x
0 + .
If u0 # X 11 , then S(t) u0 # X

1 and satisfies
&S(t) u0&1, C0( |t|&13+|t|&12)(&u0&1, 1+|v0 | 1) for t{0, (3.2)
where C0 is a constant and 4k=(I&2x)
k2.
The following lemma is a key estimate in our proof of Theorem 2.2.
Lemma 3.3. Let u(t)=(u(t), v(t)) be the solution of (GBQ) with
u(0)=u0=(u0 , v0). Then
|!&1u^(t)| 2C0(1+t:) with 0<:<1, (3.3)
where C0 depends only on sup[t0] &u(t)&X and |!&1u0@ | X .
Proof. Rewrite the system (2.1) as
u(t)=S(t) u0+x |
t
0
S(t&{) f(u({)) d{ (3.4)
or
D&1x u(t)=S(t) D
&1
x u0+|
t
0
S(t&{) f(u({)) d{ (3.5)
where f(u({))=(0, &f (u({)) and Dx&1@ =&i!&1. It follows from (3.5) and
from the properties of the unitary group S(t) that
|!&1u^(t)| 22&D
&1
x u(t)&
2
X
C0 \&D&1x u0&2X+"|
t
0
S(t&{) f(u({)) d{"
2
X+
=C0 \&!&1u0@&2X+|
t
0
S(t&{) f(u({)) d{,
|
t
0
S(t&s) f(u(s)) dsX+
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=C0 \&!&1u0@&2X
+|
t
0
|
t
0 S(t&{) f(u({)), S(t&s) f(u(s))X d{ ds+
=C0 \&!&1u0@&2X
+|
t
0
|
t
0
( f(u({)), S(t&s&(t&{)) f(u(s))) X d{ ds+
=C0 \&!&1u0@&2X+|
t
0  f(u({)), |
t
0
S({&s) f(u(s)) dsX d{+
C0 \&!&1u0@&2X+|
t
0
& f(u({))&1, p$
_\|
t
0
&S({&s) f(u(s))&1, p+1 ds+ d{+
where 1p$+1(p+1)=1, that is, p$=( p+1)p. Since we have
&S({&s) f(u(s))&X| f(u(s))|X=| f (u(s))|2 , (3.6)
we can apply the interpolation theorem to the map S({&s) as in (3.6) and
(3.2) in Lemma 3.2. Hence we obtain that
|!&1u^(t)| 22C0 &!&1u0@&2X
+C0 |
t
0
|u({)| pp+1 |
t
0
( |{&s|&%3+|{&s|&%2)
_| f (u(s))|p$ ds d{
C0 &!&1u0@&2X+C0(sup
t0
&u(t)& p1 )
2
_|
t
0 \|
t
0
( |{&s| &%3+|{&s|&%2) ds+ d{
C0+C0(t2&%3+t2&%2)
=C0(1+t:+t;), 0<:<2, 0<;<2,
where %=( p&1)( p+1)<1, :=2&%3<2, and ;=2&%2<2. There-
fore we obtain (3.3). This completes the proof of Lemma 3.3.
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Lemma 3.4 (Invariant Sets). Suppose f (u)=|u| p&1 u with p>1. Let
c2<1. If the initial data u0 # K ci (i=1, 2), then the solution u=(u, v)
# C([0, T ), X ) for some T>0 with u(0)=(u0 , v0) satisfies u(t) # K ci
(i=1,2), 0t<T. Moreover, if u0 # K c2 , then Rc(u(t))<&( p+1)(d(c)&
Lc(u0 , v0)) for 0t<T.
To prove Lemma 3.4, we need the following proposition.
Proposition 3.5. Let c2<1. Then
d(c)=min[Lc(u, v) | u{0, u # X, Rc(u, v)=0]. (3.7)
Proof of Proposition 3.5. Let
Nc=min[Lc(u, v) | u{0, u # X, Rc(u, v)=0].
Since Rc(u)=0, that is, |u| 22+|ux |
2
2+|v|
2
2&|u|
p+1
p+1 +2cV(u)=0, it follows
that
Lc(u)=
1
2
Rc(u)+\12&
1
p+1+ |u| p+1p+1 =\
1
2
&
1
p+1+ |u| p+1p+1 .
Therefore
Nc=
p&1
2( p+1)
min[ |u| p+1p+1 | u{0, u # X, Rc(u, v)=0].
On the other hand,
Rc(u)=(1&c2) |u| 22+|ux |
2
2&|u|
p+1
p+1 +|v|
2
2+c
2 |u| 22+2cV(u)
(1&c2) |u| 22+|ux |
2
2&|u|
p+1
p+1 =Rc(u, &cu).
It turns out that
Nc
p&1
2( p+1)
min[ |u| p+1p+1 | u{0, u # X, Rc(u, &cu)0].
Rescaling u(x)=*2( p&1)w(*x), where *=(1&c2)12, one can get
Rc(u, &cu)=*( p+3)( p&1)R0(w, 0) and
Nc
p&1
2( p+1)
*( p+3)( p&1) min[ |w| p+1p+1 | w{0, w # X, R0(w, 0)0].
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On the other hand, by using the fact that R0(w, 0)<0 and the estimate of
the best Sobolev constant (Theorem 2.1 in [Liu2]), we obtain that
&.0&21&w&
2
1<|w|
p+1
p+1 ,
where .c(x)=*2( p&1).0(*x). Hence
Nc
p&1
2( p+1)
*( p+3)( p&1) &.0&21=Lc(.c)=Lc(.c , &c.c)=d(c).
Therefore it follows from Rc(.c)=0 that d(c)=Lc(.c)=Nc . This proves
(3.7).
Proof of Lemma 3.4. The invariant properties can be proved by using
Proposition 3.5. Since the proof is similar to that of Lemma 5.3 in [Liu2],
we omit the proof of the invariant properties and only give a proof of the
following estimate
Rc(u(t))<&( p+1)(d(c)&Lc(u0 , v0))
for 0<t<T. In fact, we define Wc(’)=Rc(’u(t)). It is easy to see that
Wc(1)<0 and
Wc(’)=’2 |u| 22+’
2 |ux | 22+’
2 |v| 22+2c’
2V(u)&’ p+1 |u| p+1p+1
’2((1&c2) |u| 22+|ux |
2
2)&’
p+1 |u| p+1p+1 >0
for some small ’ # (0, 1) and the fixed u. Therefore, there exists ’0 # (0, 1)
such that Wc(’0)=0, that is,
’20 |u|
2
2+’
2
0 |ux |
2
2+’
2
0 |v|
2
2+2c’
2
0 V(u)=’
p+1
0 |u|
p+1
p+1 .
It follows from Proposition 3.5 that
d(c)Lc(’0u)=
1
2
’20( |u|
2
2+|ux |
2
2+|v|
2
2+2cV(u))&
’ p+10
p+1
|u| p+1p+1
=\12&
1
p+1+ ’20( |u| 22+|ux | 22+|v| 22+2cV(u))
<\12&
1
p+1+ ( |u| 22+|ux | 22+|v| 22+2cV(u))
=Lc(u)&
1
p+1
Rc(u).
This completes the proof of Lemma 3.4.
231SOLITARY-WAVE SOLUTION INSTABILITY
Now we are in a position to prove Theorem 2.2.
Proof of Theorem 2.2. Statement (i) is just a result of the local
existence of the solution in Lemma 3.1. We are going to show (ii) by a
contradiction. Assume that for any c the solution remains bounded in X,
that is, u # C([0, ), X) and sup0t< &u(t)&2X=Mc<.
Since !&1u^0 # L2, we have !&1u^ # C1([0, ), L2) for all t0. Define
I(t)=|!&1u^(t)| 22 . Then we have
I$(t)=2 Re(!&1u^, !&1u^t)=2 Re(!&1u^, iv^) (3.8)
I"(t)=2 |v(t)| 22&2(&u(t)&
2
1&|u|
p+1
p+1 )
=4 |v(t)| 22&2Rc(u(t))+4cV(u(t))
=4 |v(t)| 22&2Rc(u(t))+4cV(u0). (3.9)
Taking the integral with respect to t yields
I$(t)=I$(0)+4 |
t
0
|v({)| 22 d{&2 |
t
0
Rc(u({)) d{&4c2 |u0 | 22 t. (3.10)
By Lemma 3.4, we obtain
2( p+1) =(c) t+4 |
t
0
|v({)| 22 d{&4c
2 |u0 | 22 t
<2 |!&1u^0 |2 |v0 |2+2 |(!&1u^, v^) | (3.11)
where =(c)=d(c)&Lc(u0 , &cu0). It follows from Lemma 3.3 that
(( p+1) =(c)&2c2 |u0 | 22) t<|!
&1u^0 |2 |v0 | 2+C0(1+t:), 0<:<1,
(3.12)
where the constant C0 depends on Mc .
Since u0(x)=*2( p&1)w0(*x) with *=(1&c2)12, it is easy to obtain that
=(c)=*( p+3)( p&1)(d(0)&L0(w0 , 0)) , Rc(u0)=*( p+3)( p&1)R0(w0 , 0), and
d(c)=*( p+3)( p&1)d(0) with .c(x)=*2( p&1).0(*x), where .0 satisfies
&2x .0+.0&.
p
0 =0
which is independent of c. On the other hand, since w0 # K 02 , that is,
L0(w0)<d(0) and R0(w0)<0, it follows that
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lim
c  0
(( p+1) =(c)&2c2 |u0 | 22)
= lim
c  0
(*( p+3)( p&1)(( p+1)(d(0)&L0(w0 , 0))&*&22c2 |w0 | 22))
=( p+1)(d(0)&L0(w0 , 0))>0.
So one can choose c sufficiently small that
( p+1) =(c)&2c2 |u0 | 22>0.
By the inequality (3.12), this yields a contradiction for a large t>0. The
proof of Theorem 2.2 is complete. K
To show Theorem 2.1, we need the following lemma.
Lemma 3.6. M=[w # H1 | !&1w^ # L2(R), 42w # L1(R)] is dense in H1(R).
Proof. For any u # H1(R) and =>0, since C 0 is dense in H
1(R) there
is w # C 0 (R), such that &w&u&1<=2. Define w$ such that
w^$(!)={w^(!)0
|!|>$
|!|$.
Then
|!&1w^$ | 22=|
|!|>$
!&2 |w^(!)|2 d!<$&2 |w| 22<
and
&w$&1=|(1+!2)12 w^$ |2|(1+!2)12 w^|2=&w&1<.
This implies that w$ # H1 and !&1w^$ # L2. On the other hand, we can show
42w$ # L1. In fact,
42w$=|

&
42w^$e ix! d!=|
|!|>$
(1+!2) w^e ix! d!
=42w&|
R
/$(!) 42w@eix! dx
=42w&(43w*G )(x),
where G (!)=(1+!2)&12 /$(!) and
/$(!)={10
|!|$
|!|>$.
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Since G # L1(R) (see Lemma 1.7 in [Liu1]) and w # C 0 , it follows from
Young’s inequality that
|42w$ |1|42w|1+|43w V G|1C(1+|G| 1) |43w|1<.
Therefore w$ # A. On the other hand,
&w$&w&21=|(1+!
2)12 (w^$&w^)| 22=|
|!|$
(1+!2) |w^|2 d!&w&21<+,
so we can choose $ to be sufficiently small such that
|
|!| $
(1+!2) |w^|2 d!<\ =2+
2
.
Hence
&w$&u&1&w$&w&1+&w&u&1<
=
2
+
=
2
==.
This completes the proof of Lemma 3.6.
Proof of Theorem 2.1. For any $>0, let
0<=0<min {$2 , 6 &.0&1 , 2 |.0 |p+1 &.0& ( p&1)( p+1)1 = and
0<=1<
$
24&.0 &1
.
By Lemma 3.6, there exists w0 # A such that &w0&.0&1<=0 6. Let
u0=(u0 , &cu0) and u0(x)=(1+=1) *2( p&1)w0(*x). Since .0 , =0 , and =1 are
independent of c, so is (1+=1) w0 .
In order to prove Theorem 2.1, first of all we assume that
(1+=1) w0 # K 02 . Then there exists c$$>0 as c0 in Theorem 2.2. Choose
c$<c$$ to be small so that *&(12)<2 for c # (0, c$), where *=(1&c2)12.
Then
&u0&.c&X =&u0&.c&1+|c| |u0&.c |2
2(*12+*&12) &w0&.0&1+2(*12+*&12) &w0&1 =1
=0+12 &.0&1 =1<$.
Therefore for any c # (0, c$) the results of Theorem 2.1 can be obtained
immediately by Theorem 2.2.
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It remains to show that (1+=1) w0 # K 02 , that is,
L0((1+=1) w0 , 0)<d(0) and R0((1+=1) w0 , 0)<0.
Indeed,
|w0 |p+1|.0 | p+1&|w0&.0 | p+1
|.0 |p+1&&.0&&( p&1)( p+1)1 &w0&.0&1
>|.0 |p+1&&.0&&( p&1)( p+1)1
=0
2
>0.
In the above inequality we used the estimate of Sobolev’s constant
(Theorem 2.1 [Liu2]).
It follows that
|w0 | p+1p+1 >(|.0 |p+1&&.0&
&( p&1)( p+1)
1 =0)
p+1=|.0 | p+1p+1 +O(=0).
Next,
|xw0 | 22(&w0&.0 &1+|x.0 |2)
2<(=0+|x.0 |2)2
=|x .0 | 22+O(=0)
and
|w0 | 22=|.0 |
2
2+O(=0).
It is easy to estimate
L0((1+=1) w0 , 0)
=
1
2
(1+=1)2 |w0 | 22+
1
2
(1+=1)2 |xw0 | 22&
1
p+1
(1+=1) p+1 |w0 | p+1p+1
<
1
2
(1+=1)2 ( |.0 | 22+O(=0))+
1
2
(1+=1)2 ( |x.0 | 22+O(=0))
&
1
p+1
(1+=1) p+1 ( |.0 | p+1p+1 +O(=0))
=
1
2
(1+=1)2 ( |.0 | 22+|x.0 |
2
2)&
1
p+1
(1+=1) p+1 |.0 | p+1p+1 +O(=0)
=h(=1) |.0 | p+1p+1 +O(=0),
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where
h(=1)=
1
2
(1+=1)2&
1
p+1
(1+=1) p+1<h(0)=
p&1
2( p+1)
for some small =1>0. Choose =0 sufficiently small so that O(=0)  0 and
L0((1+=1) w0 , 0)<
p&1
2( p+1)
|.0 | p+1p+1 =d(0).
On the other hand,
R0((1+=1) w0 , 0)=(1+=1)2 ( |w0 | 22+|xw0 |
2
2)&(1+=1)
p+1 |w0 | p+1p+1
<(1+=1)2 ( |.0 | 22+|x.0 |
2
2+O(=0))
&(1+=1) p+1 ( |.0 | p+1p+1 +O(=0))
=((1+=1)2&(1+=1) p+1) |.0 | p+1p+1 +O(=0).
Choose =0 sufficiently small so that O(=0)  0. Then R0((1+=1) w0 , 0)<0.
This completes the proof of Theorem 2.1. K
4. SOME IMPROVED BLOW UP RESULTS
In this section we are going to improve some blow-up results from
[Liu2] and [An]. The improved blow-up theorem follows.
Theorem 4.1 (Improved Blow Up). Let f (u)=|u| p&1 u with p>1.
Assume
(i) v0 # L2(R), u0 # H1(R), and !&1u^0 # L2(R).
(ii) u0 # K c2 and max[E(u0 , v0), Lc(u0 , v0)]<d(c) for c
2<1.
Let u=(u, v) be the solution of the equation (GBQ) with u(0)=(u0 , v0) such
that u # C([0, Tmax), X ), where Tmax is the maximum existence time. Then
Tmax<+ and
lim
t  T&
max
&u(t)&1= lim
t  T &
max
|u|=+
Remark 1. The blow-up result in Theorem 4.2 of [Liu2] is a special
case of Theorem 4.1 with c=0.
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Remark 2. In [An], the assumption (b) E(u0 , v0)<(1&c2)2p&1 d(c)
implies that E(u0 , v0)<d(c), so the assumptions in Theorem 4.1 are more
general.
Remark 3. One cannot apply Theorem 4.1 to the strong instability of
solitary-wave solutions because
E(.c , &c.)=d(c)+c2 |.c | 22>d(c) for c{0.
To prove Theorem 4.1, we follow the outline of the proof of Theorem 4.2
in [Liu2] and use the estimate of the best Sobolev constant, that is,
|u|p+1&.c&&(p&1)(p+1)1, c &u&1, c for |c|<1 (4.1)
where &u&21, c=(1&c
2) |u| 22+|xu|
2
2 .
The inequality (4.1) can be easily obtained from Theorem 2.1 in [Liu2].
In fact, by Theorem 2.1 of [Liu2] we have
|u|p+1&.0&&( p&1)( p+1)1 &u&1 for any u # H
1.
Now let u(x)=*2( p&1)w(*x) where *=(1&c2)12. We have for w # H1
|u|p+1=*[2( p&1)]&[1( p+1)] |w| p+1
*[2( p&1)]&[1( p+1)] &.0 &&( p&1)( p+1)1 &w&1.
But &u&21, c=*
( p+3)( p&1) &w&21 and &.c&
2
1, c=&.0&
2
1 *
( p+3)( p&1). It follows
that |u|p+1&.c&&( p&1)( p+1)1 &u&1, c .
Proof of Theorem 4.1. Suppose Tmax=. We will get a contradiction.
Let I(t)=|!&1u^(t)| 22 . Then by the equation (GBQ),
I"(t)=2 |v(t)| 22&2 &u(t)&
2
1+2 |u(t)|
p+1
p+1
( p+3) |v(t)| 22+( p&1) &u(t)&21, c
&2( p+1) d(c)+( p&1) c2 |u| 22 . (4.2)
By Lemma 3.4, assumption (ii) implies that Rc(u(t))<0 for all t0. Thus,
by (4.1)
&u(t)&21, c<|u(t)| p+1p+1 &.c&&( p&1)1, c &u(t)& p+11, c . (4.3)
This implies that
&u(t)&21, c&.c&21, c=
2( p+1)
p&1
d(c) (4.4)
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and
I"(t)( p+3) |v| 22+( p&1) c
2 |u| 22+&.c &21, c ( p&1)&2( p+1) d(c)
( p+3) |v(t)| 22 . (4.5)
Using the CauchySchwarz inequality, we obtain
II"(t)&
p+3
4
(I$(t))2>( p+3)( |!&1u^| 22 |v|
2
2&(Re(!
&1u^, iv^) )2)0.
(4.6)
If there is a t10 such that I$(t1)>0, then by following the proof of
Theorem 4.2 in [Liu2] we can obtain a contradiction Tmax<. Now we
only need to prove that I$(t1)>0 for some t1>0. If not, then I$(t)0 for
all t0.
Since I"(t)>0 the limit
lim
t  
I$(t)=I$(0)+|

0
I"(t) dt
exists. Hence there exists a sequence [tn] such that
lim
tn  
I"(tn)=0.
By (4.5), we obtain that
|v(tn)| 2  0,
&u(tn)&21 
2( p+1)
p&1
E(u0 , v0), and
|u(tn)| p+1p+1 &&u(tn)&
2
1  0.
Therefore
|u(tn)| p+1p+1 
2( p+1)
p&1
E(u0 , v0). (4.6)
On the other hand,
|u(tn)| p+1p+1 &.c &
&( p&1)
1, c &u(tn)&
p+1
1, c &.c&
&( p&1)
1, c &u(tn)&
p+1
1 (4.7)
and
2( p+1)
p&1
E(u0 , v0)&.c&&( p&1)1, c \2( p+1)p&1 E(u0 , v0)+
p+12
.
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This implies that
&.c&21, c
2( p+1)
p&1
E(u0 , v0). (4.8)
But d(c)=(( p&1)2( p+1)) &.c&21, c , so from (4.8) we have the contradiction
d(c)E(u0 , v0). This completes the proof of Theorem 4.1. K
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